In this paper three results are presented in singular value analysis of Hankel operators for nonlinear input-output systems. First the notion of a Schmidt pair is introduced which makes it possible to describe a Hankel singular value function from a purely input-output point of view. If a state space realization is known to exist then a set of sufficient conditions is provided for the existence of a Schmidt pair. Finally, it is shown that in a certain coordinate frame it is possible to relate this new singular value function definition to the existing definition due to Scherpen.
Introduction
Hankel theory for continuous-time nonlinear systems is considerably less developed than its linear counterpart. The classic result along these lines is due to Fliess [2, 31 who used a system Hankel matrix to describe when an analytic finite dimensional affine realization of an input-output system described by a certain functional series is minimal. This matrix in essence plays the same role that the system Hankel matrix does in linear and bilinear system theory [9, 101 . In a purely state space setting, the notion of Hankel singular values was generalized to nonlinear systems by Scherpen in [12, 131 and applied to model reduction problems. Connections between minimality and these invariants were later described in [ 151. In [6, 141 a system Hankel operator was introduced for a general nonlinear input-output system and shown to be related, albeit in a fairly weak sense, to the singular value functions of Scherpen when the input-output operator had a finite dimensional state space realization.
In this paper three innovations are presented. First the notion of a Schmidt pair is introduced for a nonlinear input-output map. Using this notion it is then possible to describe in a coordinate free manner a Hankel singular value function from a purely input-output point of view. That is, as in the linear case, the notion of a Hankel singular value is described as an intrinsic property of the input-output system. However, if a state space realization is known to exist then a set of sufficient conditions is provided for the existence of a Schmidt pair. When these two results are combined, this provides a Hankel singular value function representation that is more directly tied to the Hankel operator than the existing notion is. Finally, it is shown that in a certain coordinate frame it is possible to relate this new singular value function definition to the existing definition of Scherpen. It is believed that this new definition may help solve a certain nonuniqueness property for nonlinear balanced realizations reported in [8, 161. The paper is organized as follows. In Section 2, the nonlinear Hankel operator definition is reviewed in a more general context than it first appeared in [6, 141. In Section 3 the notion of a Hilbert adjoint operator is briefly reviewed. This material is essential for understanding how to interpret the generalized Schmidt pair. The new results are all contained in Section 4. The final section summarizes the main conclusions of the paper and presents some remarks about open problems. The mathematical notation used throughout is fairly standard. Et+ denotes the set of nonnegative real numbers. The inner product and corresponding norm on R" are represented, respectively, as (z,y) = z T y and llzll = m. 
The usual interpretation from linear system theory that 7 -l~ maps past inputs to future outputs is recovered from this definition when F is causal and homogeneous (i.e., F ( 0 ) = 0). In this context, the zero-input (for positive time) Hankel 
Hilbert Adjoints of Nonlinear Operators
It is assumed throughout that F is &-stable in the sense that 
H2. In which case, any adjoint mapping I* is not uniquely defined since I' -t B will also satisfy equation (2). In these circumstances, an adjoint operator should be viewed as a member of an equivalence class where two such operators I* and 7" are equivalent when
A shorthand notation for (3) is simply T*(y, U ) = T*'(y, U ) .
Thus, any equality involving adjoint operators really means that both expressions belong to the same equivalence class.
(See [8, 161 for analysis and examples closely related to this issue.) It is not necessary in many applications to have a globally defined I'. The following theorem provides a sufficient condition for the existence of a locally defined adjoint operator. 
Hankel Singular Value Functions from Schmidt Pairs
We first develop the notion of a singular value function in a coordinate free setting. This is accomplished by defining In the nonlinear setting, when a family of Schmidt pairs { ( Q i , U i ) } z l is known to exist, the analogous expression is ('HF,o,'H;,~) to those of a given state space realization of F, the key idea is to select the adjoint operator for XF,O in a manner consistent with the realization. This is done in the following two theorems. The first theorem is adapted from [4, 51. It expresses an adjoint operator in terms of a solution to a two-point boundary value problem with conjugate points to = -co and tl = co. Its original proof is done by viewing the system as a port-controlled Hamiltonian system. The second theorem applies the first theorem. .It provides sufficient conditions for the existence of a Schmidt pair using the particular adjoint operator described below. 
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It should be noted that the factorizations f ( z ) = A(z)z and h ( z ) = C ( z ) x are always possible since it is assumed that f(0) = 0 and h(0) = 0. But, as is well known, these factorizations are not unique. This means that potentially a set of consistent adjoints for 'HF,o is possible. The L2 input-to-state stability of C and the assumption that p ( -co) is finite insures that the state space realization for 'H$,o is well defined solution for all time and every admissible input. To verify the rest of this definition, first recall that in [12] it was shown that L, is the smooth solution of the partial differential equation
wt starting at z(-m) = 0 and terminating at x(0) = 2. In input-normal form this implies that vt = g T ( x ) x . Now setting U , = ' H~, o ( 6 t ) and 6 = 6t, the realization of evaluated at these inputs has the equivalent form for t 5 0:
The factorization property in (Bl) is automatically satisfied in the linear setting because for any input normal form In this paper three results were presented. First the notion of a Schmidt pair was introduced for a nonlinear input-output map. Using this device it was then possible to describe a Hankel singular value as an intrinsic property of the inputoutput system. When a state space realization is known to exist, a set of sufficient conditions was provided for the existence of Schmidt pair. Finally, it was shown that in a certain coordinate frame this new singular value function definition can be related to the existing notion, which is defined entirely in term of normal form coordinates. An application of these results may be to provide a canonical structure for a balanced realization of a nonlinear system. This would in turn put the theory of nonlinear state space model reduction on firmer theoretical ground.
